
"Goleis Theory of Linear Differential Equations"
(Marius van der Put-Michael F . Singer
Se . 1 Differential rings and fields
Defi . !
R : ring.
· 2 : R + R : derivation : Va . b =R

, (116(6
+f)= 2a + 01

.

(ii) <(ab) = 06b + a .2
.

· (R . 2) : diffential ring : R : ring ,
2 : der.

· (P , 21 : differential field : R : field , G : der.

Rem . 2212=% .

Lef 1 .4

(R , 1) : differing.
C = (p : = Sc +R)c= 04

.

Exercise 1. 5 . 2
-

R : diffting , C = Cp : caust.

(a) Ca R : sebring
(8) R : field -> C : field.



51 .2 Linear differential equations
Lef 1. 6

Ip , ') :diff. Field,
M : R-reat sp - of dims,
2 : M + M : post hom

1 M . 2) : diffential module
· FfeR ,

VMeM , alfm) = f'm + f- am)
·

Rem .
M = 1 aze

,
M = Re le : basis)·

ze := ae lacks
~ j(fel = fe +fixe = fe + fae = If + fa)e .

Rem . M = <e, · . .

, en >p2 diff. mod 255.
A = (kij) < Mn(R) E .

:22"x3:

sli =-j
a2milie
am = -(titi)=fi

-filz-fiji
=flifiji
=diffe

57
,
&M = 0 2632

=diffe
A . ... Ain

= (e , ...en)en i
an ...

Ann



=
a G bl

, DEOE543 .
27It

↑MSDE fi =AfiEG
= 22

&M = 0 2/3 MEME LIKE,
= 2 It , it L": <2"7%.

Rem . ROSER It,
Mn(R) aSER/35/32 = 5

. (0(k) : =(j)
: nbe :Mix /E7:

VA , B = Mu(R)
, YYcRY,

(i) (AB' = A'B +AB

I (ii) (A -)= -AAA
- 1

(iii (AY) = Af + AY :

① (ii) E= 1AA +)= AA" + A(A +)
:

: (A))= - A "AA +

I

Rem . Y'= Af (A = Mn(k), YeR") eT523.

1 , %2 FER"1 It g = Bf (BEGL(ki) zi3255.

: aGefiene Def=f it 24 ty5)e : 243bEB23.

y =Ay (Bf)' = AB7
=> B'f + Bf' = ABE
=> BF'= ABf-B'f = lAB-BIf
=> f = B" AB-Bif = IB"AB-B"Bf

.

* = IB"AB-B"B')
.



Def
(i) AcGln(k) 2< GLu(k) PFASEE

· #EBEGLn(k) s.t . A = IB"AB-B"B')
.

(ii) Y= Ay z f)= If it it se
Aldiff. mucAs 57F DE213.

Lem1.
-

y = AY : DE/R
.

U , .... Ho : sol. (eie .
U = Abi (ti = 1, .... n)

Us , .... Mr : lin dep . /R = lin dep . /0 .

pf. e, . . . . . , Ur"lin . dep . /R 253.

#31 .. .... Mr B* lin . indep . /R222 5U·

= 02
, U,i (k) unique

-2"

0 = U. - AM ,
& 2:sal off=Af)

=+iv) -All i

=Hi All
=an Li Us, ..., Mr : sol)

5). Ye, ... Ur Itlin. indep . IR 12 A = 0 (i = 2, .... r).

: Gi = C .
(Vi = 2, ..., U

.

U
5, 2 U1 = Zhilit) ,

U, . . .

, Moitlin dep . /62@5 :z
2=2

161. F . M

Gem1 .8

(VAzMp(k) ,
Va : = 31cR"(1x'=A24 : vectsp . /c ofdimen



Lef1 . 9.

R : diff.ring
RCR : diff- Field
Ac Mn(R) .

F G(n(R) : Fundamental matrix for %'=Ay
F=AF .

Rem
. F : Fund matrix of Y'=AJ
=> 3 Fo Gln(R)) Fo : Fed. Matrix for Y=Ayt = F . Gln(2)

O DVF = (In(R) : fund . Matrix 1 fre ,ME F = FM245·
= 122

AFM = AF = F= (FM) = FM + FS' = AF + FSY

E . FM= 0
.

: M= 0 (ie . McG(u(2))

② V = Gln(2) 1:f22
,
:KEYZe:

(FM)= F'M + FM = F'M = AFM
. I

Het
<(f) : = y(m) + An-, ym

- "
+.. + G ,y + Gif = b(kick)

a #11) a DEE . (linear) scalar DE/R 2 my .

78 , 6 = 0022 himgeneous zuu ,
o 0 aze inhomogeneous zv%.

Lef
((y) = y(m) + An-, y(n

- x
+. + a ,y +ai = 0

8 !9 : g
no y = Alf . Alig

-

·

I
-Go-A . -2

... - An-

I comparish matrix



Rem . Al : companion matrix 18:3/2 = 5. :

y : 3y = R/(1y) = 03 - SY = RM)Y= AY]
↓

Y # T=
jin-

& It Tso . as rect . sp . /cut 5 .

SE .
2 hmo

. scolar DE It . S75]YERFEB
24 145.
Lem 1 . 10
-

(1%) = 0 : home scalar DE/R
V : = (h = b)(/u) = 03 : vect . sp . /c ofdim = U.

.

pf. Lem1 .8 . 5/ ok . 1

* 1 .
matrix DE Y=AY 1:22 ,

:··

Escalar DE (1y) = 0 s .t . Y'= AY zY= ALTHASL

(
& chil = 0 are

, cyclic rectorx25
. (of 32 . 1.

Def1 .
11.

-

J , .... In ↳ a urasbian E :2:3:

o ,
Y ... In

WJY, ,
. . .

, Yn) : =
y'y2 ... I'm

! ! !

you s yell ... yut

EE ,
nor (y, .... (n) : = def1Wly, ..

.

. Yn)) 2 x 5.

Lem 1. 12.
~

y, ..., JuEk : /in dep . 10 Wr(y, . .
.. yn) = 0

.



Pf = Cif , +. . . + Cryn = 0255
.

C.Y, + ... + (nyn = 0

I Cig +... + Crim = 0no wrt" yu) = 0 .

!

Cy!
" - "

+... + CY-= 0

E Escalar mchic DE oforder n/k (14) = 0.

& < , 1) :=1- 11y = 0)

(m+1y) : =
(mig)-miAm Imme (mm) ToI (m/ly) 1 (m1Ym+1) = 0)

2 t ,
(M + (Y) = 0 (2 = 1 . " m + 1) 2

:E ·

L = Lm 254 "du .

Ti:= 2
,
Th = Acti 255 .

(ie . Ac : companion matrix)I Ijin
SEWr(y, ..., yn) = 06% Y, .... Yu itin . dep . /R2 "Ab.

2 E61,
Lem1 . 7

. As Y, . ... In Itin . dep . 12 2
: 45. A



& 1 . 3. Picard-Vession Extensions

6%72 "If · R : diff. Field ,
DCR. 253.

· C = SCR (c = 04 : stESA .I
· IR

. 1) : differing ,
I <R : ideal

Def 2:= (f'ER/7=2] .

-

I : differential ideal ofR = ELVEC As I'it module 25 5.

·/I:ideal oae
Rem . R :diff. ring/R , IER : diff. ideal -> RII : diff.ring/k

Def
-

R : simple differing
E (i) R : differing[ vii) Ra diff. Ideal 1 : 0 2 R 101 you

Lef 1. 15
= Picard Vessist ring aNo felt Pop1 .20

AtMn(k)

R : Picard-Vesiotring /6 for Y=Ay
*HAFEf

:)
(i) R : simple differing,

I liif =
F-GLnIR) : fund.

matrix for y=Af S

d
S

Will In F=Fz)i : 112 , R = BESficter . (detF) "J .

R : Picard - Version wing for i
-M : diff- ma. e

: R : Picard - Vesiot ring/1 for
'
= Af (A :ass. w/M)

Rem
. A 2AFSERTASI" , StYLAGE Picard-Vessict ring ,tit"2:23 .

& Exercise 1. 16 I



Lem 1 . 17

R : simple differing/R
(i) RIE OrAute-8FFou . (ee. R : ID)

(ii) R : 8.g . /R = Cfracis) = Ep

pf. (i) Egi: = 2 13255:

G < R130E : No-Milpotent => &ER : nm-ze88 div.

G = R1307 : non-milpotent 1:Str2
Ta : = >b=R1a" =0 1 =1 = 114ER
It diff. Ideal of R2"B.
Bit simple 51 .

Ja = 0.

52a6 = 0 (6 <RISO) ISRE532 , bE2

8 = 0. ...

5 := 3 aER : milpotent RItdiff. ideal23.

Jo)" R2Av ideal 2:Ke : zit ok

VaJli 12 . GeJEF

a = 0 a2e/t ok.
a to aze .

a =0213anE23.
=2415932 Nava = 0 El. G'18zero-div . 2

:Ab
.

(dack)
: G : vilpotent (iee. a= 5)

i. J = 0 .

R1J = 3 a = R : non-milpotent ? = R1303.

(ii) > @R5d) .

< Vaefra(R)(30241 ,
@= 0255 .

La : = 3bcR/fGRYI diff. idealofR 243.
Ta = 05%. In = R2"Ab

.

[2 , a (D2SE55.



:azeXCECR1: Af12 19-c) Rit diff. ideal 2
:15.

.

(a - c) R = 05/. 19-cR = R2"&3
.

Af11c (a - c)RE). a - c <RY
.

CemA .4
~

ch(R) = 0 . R : F.g . ID /R
.
GER .

Scckla-ceR+ 1 : infinite set => h : alg/1.

Ey ,
a it alg . /R2 :&z.

:2"Gamin . poly . /RE P(X) = XP+ Ga- X
&"

+... + Co < kix]255.

P(a) = o aFan -3:
dad"a + ZICa" + ciiaa) = 0

i = 0

:
Sciai = o (0a= o)
i = 0

& (X):d)
: Go = ... = Cd1 = 0 Lie. Co ,

"
, (e(p)

: P(X) &Cr[X] .

Cp = Tn985)
, G Cr

.

" *St
.

It

e .g . 1. 18 () = 1)()-ltR) Picard-Vessirt rig,in
y= Ga 5452:Elite +5.

& (i) %'=GM"bc13-22, a fund. Matrix it (t) 245.
↳ itdiff. Fidd o simple 2"15.
5: 2

. beR
, defit) = 15/ R = R 15 Picard-Vessirt ving 2

:45.

(ii) %'= @d)" R2"F37 /ou ze

Y=G255 = 22"
,
diff. ring/ R = RIT] *****.

1cf· Exercise 1.5-1e))
= 122 RItY'=@nTE(r . (b) =Gle(R)@ (a fund. matrix
23.

EE . Rit simple (diff. ring) 25. NE 21556=1. 23

① Is non-trivial ideal of R253.
:n2e[It , &E F = ↑"+ Fn, T

*"

+... + fo 2-Zde45 .
F= myn+ Y'+ ( -1)fu, Yn- +.. + fo



= (na + fn , )4n+
+... + fo

[d)" diff. ideal 2
:&32 SK53.

F = I = (f) n F= 010 , degif) < deg(F)
~> na + fu = 0

- a = -f=
..* )0Y= @ I RE2:EFFu)

5. 2
. R = RTY] It Picard-Vissot viny 23 . I

e.g . 1. 19 y'= af (G = R").
R = RIT,
T J

. T=T 2/B tazib .

Tit fund. matrix for %= aY 2 +5%, def(T) = T215.

(i) Un = 201: ff12 . %= may R*EFFFT :8 .

If0E diff ideal of R255.
:nze [It , &z F = TM+ am-T

" "
+... + Go2-Eye45 .

(90 + 0)

IN 2/15E;123) &poly : 24gal , TY- R*Edls .

F= m+
m "T+ (m - 1)am - , Tm

-T + . . + Go

= MGTM + 11m- 11aam - + Am ., )+
m

+ . . + 90 cl = (F)
.

: F= maF

m > 02 S-5.
F=maFIEl: + U2, Go = mago ....ESBL@SilaS
i M =0 = R .

(ii)42" fuze
util tan .Ey **253.

Rem . R = RIT. T
+ J It Picad- Vessirt ving 2

: Iffir
O (Th-Yo) it non-trivial diff. idea 2"K3.
i.e. R It simple 2-you
P
(T"- yo)= n+

*
T- yo= ma +

"
- nayo = na)T"- yo) = (T" %0)

=2 differing RIT.
T+ J / IT"70) EY25 ·

can proj:RIT. T
+] - RET. T") /IT"- %.) aToSEt

G> 2 RIT. T
+ ]/ IT"- Yo) It Bit,+75 .

th= Yo (t( +"y=) = 1v0t= th
+y:)



t = (x(T))) = π(T) = x(aT) = am(T)
.

51 R : = kit , t-1]TEit Zait"#112
:unique 3.

i= 0

of1cRE diff. ideal 25%.
E . [ F= it =028 tladE25.

2= 0

d> 0 zS53.

Ad = 1
,
Go + 0 212 Eu .

F= dtdt +Ga,
(d- 1)+d-E +... + Gr

= data + (1d-11600-, + Ad-, )+d
+

+... + Go =2 = (F)

: F-daF e]

· F-daF = o (degree B)
: do = daar (OE) ...nE)

= d = 0 (ie. R = 2) (i) R = PIT. T
+ J

c EE), Y= by a Picard-Vessirt ring it I (ii) F =RIT. T "J /(T"- Ye)
2

:Ab.

Dep 1.20
y'=Aya Picard-Vessio ring Rit AE2-ALET3 .

25 /= · (fracIR) = CR = CR .

Pf. (construction ( Speci
#3maxdiff ideal

2 RiXis , (det1"]
A

Glu ↓

↑ I no R : = RIXij .
Idet)

+17 /ih

-[R[Xij] Mu

↑ ↓
ox =Ax

R r-
*

T -1

inniguness)
Ri . Re E Picard-Vessist ring for %1

= Ay 233.

= differing hom 9 : Ri - R2 ESAB3.

R, a simpleE51 . 4 18 in5.
2-13.

R= [ fij .

det " 7 2352 , [m(9) = Ri41fiz) ,
det "1 = Ra

.

: 9 :bij
-Sar .

Ri + RiXpRe + Re 5%. RiEY, IRil = YelRe) =Ra

9,1 t ?42
5i fund.

Matrix:Eletzu3
Ri @pRa/20R

:OpRe



LetAya Picard- Vissot Fidd /R 218 . %'= AyaPicard- Vissot ringaS : 2.

Def
R : Picard-Vissot Field for y= AY.

1/1 : Picard- Visit extension for J'=AY

· EF= (fij) : fund. matrix s.t . K = R(fiz) and Li = CR .

Prep 1. 22
-

y=Ay , k/R112 , TFAE :

(i) K/R : Picard- Vissot ext.

(ii) k/p : fund. matrix12) % firk
(iii) 1/2 : Picard-Vissot field.

pf. (i) (ii) = (iii) = (i) ItR/5 · 1

of. (i) => (iii) 1= n2460
Lem 1.

23
-

K : diff. Field w/( = C.

Yij= 0 2 12 . KLY2j ,
det] E diff-field :2155.

Sideal of CITi5 .
det+3 -> Scliff ideal of K[Yis ,

def1) % : big
U

u ->12) : = 1 . KITij , det
+]

=>li(lik[Tidet"] ,
M = 0. Ge

JnCiTij , def
+] J

pf. k[Y] : = k[Yij , det17 a tis ·

ElsEsese Sta Kafe243 .

(l = 122tis)

= a 2t3lsises It CITJEa KIT] a (Module 2220)fasi 2155.

(2) = 3 MiC(XiKiT] ,
cel

, 120
E
KIT)=CIT] , 12)=

by
(2) n C[Y] = 1 . 1 = 2

.

22 T : diff. ideal of KIT] /HL2 ,
2 : = Jn (ii) 255.

1472"It J = 121 E T5 ·



Cli]=12332 .Je (k)

Vf=Expf2 , length:= induction

LETS : f + (21)
length (f) = 0 aze, f= 0 = (2) ·

length (f) = 1n 28
· 7 = XpepEJ2SHA"f=ept]n(iT]=: (5)

,
fe (2) ·

22f=[ Xpep (xp = 1
. RptkC)2

71 = z(xpep + xeg) =Expen length lenghtBB
[depe([T]

2i Rp = 0

induction a SEE)
. fe (2) .

FAB1= r2 , (XPf)'c (2) .

1 (Xpf)'= Mel'f + Reef'5. (l'fe (2) ·
:f= (2) · I

22 . K/kz Picard - Vissot ext 212 . Fz fund. matrix 245 .

(ii)= Axis 2/13 ti/X = (xii) &Aus ,RIX]E .

EF= X = FY in KEX]1= 5) ,
Y= (Tig EEE .

X= FY + FY = AFY + FY= AX + FY = X+ FY

n FY = 0

- T= 0 (OF + G(u(k) -
PHt(p)2:22 +5 loem)

= =2
([Y] > P : = /P)nC[T] 245.
M l

KIX] = k[Y] > (p) : = P . K[T] & k[Y]/(P) = Kep(R[X]/P) + 08%
j j (P) It um-trivialdiff ideal2 :45.

RiX] > P : max
, diff ideal

#
. FEEEE CT4] a max. ideal &ME 252 . C = JAE/

.

CLISIMEC .

CLY] -> CIT)/ME C : hom =KEY]NEE: Eac , 9 : /[i] - 1253

(Rem . K = Cock ,
Kii] = CIT] @ck)

= a2e(p) = ker(9) . (0PM)
↑ : = Plpis : Pli) + 1) 253

.

Ker(t) > PE"b . PaAExtilEEY.
Kerly) = P

.



: Rix]/PEY(RIX)
Pit max diff . ideal 51.

↑ (RIX3) It Picard-Vissof ring 2 %o 3 .

( Prope. 20 a construction)
: R-lin.

2"

(4(X))= y(x) = y(AX)=Ay(x)
E.
4(x) it fund. matrix for y = Aye:&3.

EDzG(n(c) s . t . 4(x) = FD . (0(k = C ( = Cr))
k = R(F) 5% k = frac (kix]] .

K : Picard-Vissot field. A



31 .4 The differential Galois groups
Def 1.25

TR
,
') : diff field

DE Y = AY/R n YinGalois 218 , %=AyrAf33 Picald-Vissotring R
e

diff. mod /R
· SiR-SFSARsEEGal(RIRIa : 22 "A%.:

Gal(R/R) : = [0 : R - R : Tso of R-alg (VfER , d)= of 4
Rem· fin .

Galois ext RIP It , REaEmatrix DE apicall- Version ringeE.
Galois grp It , diff- Galis grp 22+5.

Exercise 1.5
.
3

TF, 2) : diff-field , chiF) = 0
.

(a) FIX : rat . func field .

G F(x) : given

-> E!E : F(x) + FIX) : diff. c . t . 5) = a
.
Elf = 0

.

18) FIF : fin .
ext E! 5 : F + F : diff. s.

t . Elf = 0
.

pf. (9) EG" FIX]ESM2. G2EEUSE FIX)1:EEGHIGu

(8) F = F(a) a 21:2 if it -U.
f=fi Fix] E ,

min poly ofa 25

mmFIxT
~

ETS : 5 (1fi) < If) .

fit separa ged if, f) = 1
. ETS : gift < If) .

= X , ge FIX] st . Af+ef= 1
. If)=f.x

=2"

E(X) : = -B20fz .Xi~ +fix"X
i =0 ~

= 22 fi ·X* 11-pf')
252 · (f) It diff. ideal2:13

. 2=0

E : 5 : FIx]/(7) - Fix >/1f) : diff=atx) If (4) .



Exercise 1. 24.
1

-

Ik . ') : diff. field, Lem1.75) (k = C.

C = Cr = Jpa8 : constant of 4. -↳
k/k : Sin.Gabis ext ,

G : = Gal(k(R) ·
& IK , 'I E diff. field 1:%

=> K : Picard-Vession ring
p7. Step 1 . K$ "simple"&E : 2 It

, Kol field ="K3 : 2015 oh.

Step2 .

E F = (Fi)ij = Gln(K) s .t . F= BF ETTE .

(a)reG
,
ExeK , +(d) = 5'(d) Eit .

2 : k - (2 . 0(4) : = +" (561) 232 . G Itdiff. 175 b.

1 In kn-25): /E :

2(k) =2 vx= 0 " ((()) no +(x) = 5'() .

(f) k =PIx . .
. . ..m]2" 2

,
G It 30 .

.. .

,ent13GU .

V :
=(x,

"
, xm >c 2552 , VEGAL2 WN) = V .

ESTHEL2,. "Due Vatasi255 . (m =m)

EKK2V : = Pi , ... en]e2 te ,
wronskianz W =Wh .. ..

..xn)23%

= are , wild.....n) +02E. (OLem 1. 12) = ( =Cut :2

# , B : = WW + 26 2 . VreG1(2 :/ :

+ (B) = +(w')o(w -) = 0(W)O(W)
"

= W'Ar . (WAr)" = B
.

J

5(v) = VDz I
+ (x. ) = Gue, +... + Ainech

I i ~ [ORSy ... 5(x(n)] = (e), . . . en]As

- (e(n) = Ainsli +... + Ann en &W = WAr

: BEMm(R) .

EE Wit fund. matrix for y= By (BEMYn(Ri) e"GE.

Step3 . K = RIS Fij3 . (detF)+JEFt.

RISWijY ,
(defw) + ] = R(x , ....(n) = K

. I



observation 1 . 26

It . 'I : diff. field ,
M : diff. R-mod.

'= Ay : Malasises, ..., enE fix 12ESPEDE.

R/R : Picard-Vession ext (e:e. R : Picard-Vessirtring)

F : Fund . Matrix for Y'= Ay ~ R = RISFio1 ,
IdefF)+ ]

Exercise 1./6
-

(4) y= Ay , F= Af : matrix DEs ass . w/M =
cimi) = 1255

.

R : diff. ring
R : Picard-Vissot ring for y=AY R : Picard - Vesiot ring for f=Af.

(2)MI: JEREpicard-Vessirt viny adefit. a 3 - aEf5: 22

AS2"B:
(i) R : simple differing
(ii) V : = Ker (2 : ROBM + ROM) : C-rect sp - of dims .

I :!) M = < e, , .. .
, en >p2332 , R = RESU : / ev,

i = 1 . .... n9]
.

FF" L
,
x) =(x. Del + ... + Van 2n .

(0z =R)

Rem . RQpM aSi :Y23.:

6) rm) : = vom + vom

V : = Ker (8 : RQpM - RQpM) 21 2 , VItc-vestsp - ofdimn
V = (x , ..., em7255 .

(1) G : = Gal(RIR) It , E 2ORTAH3 .

Ra Gak-lin .37It . R@pM tap-lin . SPA1: FALSE2"@3 .

VrEGliffl2 , Fe :23:

~ (ram) :=(b) m (FomeRARM)

& I ROpMInSly242 .(

EEVE) ,
VIC-lin .St33/2 = 5.

10 Vie VE252 , F()'= j())) = =(0) = 0
. )

CIE), G + GL(V) ,
oEN P SENE -

= kit inf . 2"& z. 1)①iCiE

& Elv = idv 233 . LETS : 0 = idr) -

[x .
... en] = [f(x)) ... JH(n)] = [ 5(ey ... Glen1] r(F) = Te . ... e]oIF)

[x .
...(n) = [2 , ... en]F2-Ed5 · F = (IF) ·



R = RISFiiY ,
(detF) + ] 5% T = idR

.

(2) (1) It matrixDE H3:

F = AF , AEMn(R) => rIt' = At(F) .

(eie. +(f) : fund. matrix for y'= AY)

=Co-Glu(C) s.t
. -F = F .Co

= abe
.
G + G(u(C) .

Of Go Hing. home"LE .

(3) ( = frac(R) 2 fis
.

+ = G = Ga)(R(k)It,=Gal(1/R) 1: uniqueFILE t3 .

(5/) :==
= aze

,
Gal(R(k) + Gall((r) · - o it iso 2:45 .

① inJ. ho It AE5b)
odal(1/R) It . Vi : = Ker (2 : LepM + Lep)1: SPA53 .

= a ze
,
V= V2"45 .

(ahem 1.8)

Ihm 1 .27

'= AY : DE ofdegreen /1 .

L > R : Picard-Vession field,
G= Gal(4/k)1 Glu(CI

(1) G : (lin . ) alg . grp.

(2) (ie (G) = (D : L + L : der . 16/D17 = (DF) ' 7 .

(3) (6 = k .

Rem. G < Gln(C) : alggrp : G :Zariski- closed

=> E(fs) = ([Xij] S.t . (ii)Gfs(Cio)=0 (c)
Pf (1) ( = fracIR) .

R = Rolon .
Ro = RIXic ,

def" 7 .
X= AX 253 .

VM = G(n(C) 1:fr2,:Ye:
MEG P-autmor . Th : Ro -> Ro st . X + XM

It R-autmor. R - R55/2=5.

# TM(FR) < 20
.

Roa C-basic fix 53.

T It
,
Ma 2 def" =S***115iA poly . -15 ST32 HE

5. 2.4 TM(N) < IN It . UMGT3) EAUE-:L+3.



> Bil proof >
G < Gln(2) = G = 3((ii) = GIu(c)(fs(cii) = 0 (Vsig (Effs)) .

= 129
, bij

d(n(e) Hilmax idea of GLYij .
det1

ii) + KC[Yis , det17 + C . Yij (ii)
It: hij 35/E = %:

G Filmax ideal ofCITi , Met +111230-1=
> : ideal

G(u(c) a grp . str .
It

. C[Yzj . det 1] aHopfoly · Str . 1:AfiGE .

G > G(n(c) : AngpE) . ClTij , det"] 12 It quotient Hopf aloy. 2 E·

VB : C-alg .
1:Sfr2 ,

GlasB) EHaMc-ag .

) CITio , def"1 ,B)A5"

A ↑
-(B) : = Hanc-alg .

)C [Tij , def11 /I . B)

-(C)EG2% functor - : C-alg ->Grpo* 543.
F ,A3V = Vo/IEETE functor : C-aly +> Grp s.t . Y(c) =G

&)/ X (15 .
G < GLu(c) It alg . Aulgrp2:%

(Rem . EF ,
= a 22 J It radical ideal 2:&3. LOCartier's Thm)

: 2 , Functor i : C-alg-> GrpE ,:%2:5. :

5 (B) : = DiffAut(RO, B/R &B)
5 (C) = Git OR .

-It k5W = Woll2"FEH3.
① No : = C [Yij

,
def J

,
Mo : = (ii) = Glu(Wol 255 .

R = Ro/i a C-basic (ti) 22 % In = (Mj) 245.

TMo : RoBUo - RoQWolfl2 [E

TMo (Mil mod in= C: ((Mo ,
i

,2)

262

2 : = < C(Mo . i . j) /2 . J >

2 til It"
,
U = VolIYEET3

.



(2) (ie (G): = (DEMn(c) /In + ED = j(C[E]) Ye z. ↳ -astmor
= :2"([E] : = CDCE w/E= 0 . ↓

In + ED = j(([E)) Tin + ED
: RoTE] + RolE] induces RIE] -RIE] .

(1)2AA S .t . (Xij) + (Xi :) (In + ED)

=> (ii) + (Xij)D induces a lo-der. on R

R-der .
It L = frac (R) :: ELEE 2

: 95
.

(3) a =E < LIR (8, Cc R1303) 253 . LETS : EJEG S.t+(a)a)

bec = (b in R &PRE: 53 .

I =y : R + 0 : R-lin . St . 418)= 0 + Y10)
.

~ Yeidr : RopR-R ,

beco

Cb (18 + 0

d : = bec - 2*f(+0) = R*pR28i<

Lem A . 16

TR1. Re : reduced R-alg ,
R : perfect => RipRe : reduced

51. dit non-vilpotent2"K3.
i (R@pR)It] + 0 .

J <(RQPR)[ 1 ] : max, diff ideal E 25 .

2 a% maps& 60 : R + N : = IRORRIE])/JEYi 3.

Pup 1 .20 a prof 5% b, (R1 = be(R)
.

U : = bob, : R - R 25 2 ,
5G .

En ↑ Rit simple DC be It inj .

ROpR - N
↓

dbit)) - p, 101palt)= (01t)C - ridt) + 0
.

5 .
01/0 +Hdf

. 2 : G-torsor /R
+ (E) = E

. A -2 : affine var . /R w/G-action

Ihm 1 . 28 -
profe 8

#ThmaSkEnt 2. Z : = 3max ideal of RJ It G-forsor/6

pf. z = (max ideal of RY < Gln
.R = > max ideal of Ro?

G = (9 = G(n
. c)29 = 23

Gluck a t It , morof b-affine var · M : G*&



: tit gip action 2
:&E.

Claim
-

M : 2xcG - 2x2 : iso of R-affine rar.

(2, 9) 14 129 , 2)

Gr := Geck it alg .grp/R2GACG]e ,
pe13.

= a 22xcG = zXRGR

#22 Gi it Algup of Gln . R 2). Graz.
: 2

,/: -3:

"Z : G-torsa" "ZGlnR ItSpat"

(i) 2 pl: B-rat . pt . Perf + 22

2. G-torso z = P .GR

(ii)-S1 , 2 <GLniR Gla . c 1:fle, z0G-forson
=> EF/R S .t . ZF : = ZOpF It Glu .FFEMEGF :=GecFoE

Claim
-

2) = z&pLd" GL = GQc <Gluco

Ro+ R =Polic =2153 .

Xijt Sij Xzjz ,ke . LattXE/3 .

def(x)= 0Ey,
S = (Sij) EGLniL .

=
X ,THEE .

X = ST1= /. Y= (Yiz)* 3 .

Ro = RIXzj
, def"] < h[Xii ,

det] = L [Yis
.
def+] > CITi det"]

·

↑ der. It"D

(157(718)
.

G = Gal((/4)9S7*E3 Rot It trivial 1: SPR55 .

VreGalLik)22/, +S = SM 2 (SM = G = 5(c) = G(n(C) /7/233.

= a ze
, +Y=M42/3 .

① SY = X = +X = +(Si) = u(s| +(Y) = SMoli)

: T= M(OY)

G & Cl Yij , def
+ ] no G

Lem 1 . 29

Sidealof Rob -> >G-inv - ideal of LIXis , detr 14 : big
2 +12)



Lem1. 23 2/kit"
I diff. ideal RIXis ,

det+14-36-inv .
ideal of CTYii. det33 : bij .

FEt , max diff ideal -- max G-inv - diff. ideal.

78/ . V : =ML[Tij
,
def"]n CTYii, det 1 it maxG- inv - ideal

of CTYij , def1] 2
:13 .

25/ , W : zero setofWit G-inv minimal.
ii 2: 1 = In W.

① on < (3Xi: - Sijk) = (3 Yii -Gij]) < LiXij , def
+ ]

1) Yzj - Gijk) n([Tij ,
def"] It . 314cGInICIEEx3 .

: W = G
.

= ↓E1) .:40S%.:

↓ ApR = ( &p(RIXij
.
det11 /m) EL@c(CEYij . det "] /r)

: 2 = SGL
. Lomax ideal of - 7E2 % X =SY55) A

proofof Lem 1.29)'
c L[Xij , det 1 : G-inv . ideal &21 · 2 : = JnRIXisdet-1] 253 .

LeahazAER-basis of R.
245.

-f J It
, unique f=Zlata (lae(1) 2 H5

atA

length (f) : =#GA/la + 031= eu2 inductionEst .

ETS : fe (2) .

length if) = 0n <z
, f= 0 = 1

.

length (f) = 1 a 29
, f=le 254A"

e = l
+f=J ,

e = JrP[Xij, det"] = I

51.E (2)

lengthif)c 19 22 ,
L*153 : 21: E) .

la
.

= 1262 th .

VazA1: Afiz , lacktis obTone, rFelt las *R253 .

ETEG =Gal(L/k) s.
t . length /rif)-f) - length (f) .

induction aSREY ,
rif) -fe (2) .

Thm 1 . 27(3/51 .
75* G S.t .

Flac) Flas
.

12AA1= 12 , : %by S :



(2) - ollaf) - lacf = +(f) -ollaif + olaf-laif
=((lai) (0sf)-f) + (tila) - lac)f

fe(2) It

Cor 1 . 30
-

R : Picard-Vessist ring for Y=Ay,
2 = SpecIR) .

L = frac(R) · G = Gal(RIR) ,
CiG] :GER

(1) =5/1 : fin . ext
.
st . ZEGEl = dxcE)

· DefF

(2) Z : smoth connected. *: sch . /R

X : smate
(3) trdeg)(/k) = dim (G) .

: (1) RIEFLATG
14) VH <G :Selgrp ,

(H =p
&M

= G
. ↑ I'llexp : /oc. free

pf. 11) Z : Gritasor &2 , M : zx , Gr+ z ,
12 , 9)+ 28 P//e 55 .

t53hzE) ISBES76 .

S (M . ProFe) : 2 x cGp+ z x2 ,
(2 . 9)+ 128. 2) : Tso

Claim - X/
: fin . ext .

-

LEBEZ(N) ( : X-rat. pt . ) = zx = Gi

OGx4 (BE + Gx F2n @ iSoF23.

I Eq , Ex-ExExExYGrdn 3 828 .)
t + (t , B)

R It %.g . R-sy . 5% &(E) + empty . (OHilberta
Bez(2/223 .

=5/k : fin. ext s .
t . B :def/E

BEE (& ) 51· ClaimbsGEGG
(2) Prep1. IDE/ RItID D2 , SpecIR) It connected245.

(Rem . 3 Clopsh subset of Specia ,7, 3 hilpotent elementof AY)
Eact (fp8C descent
f : T- Y : flat

,

faithful , quasi-ept .

XIT
↓ S1 ,
f : smorth = F : smuth

X &, 7



isFactE , Zi - Speci 1: 33.

↓
d ↓

2- Speck)
Gilt alg .grp/ D2 Smoth

:3 . (dCartier's Thm)
11) ElZiE Smeth/* 2

:@· Fact 5) ZE Smuth/R .

(3) Fact
A :F.g . R-alg ,

B >A : fin-type , integral . -> dim(B) = dimit).

41 (Noether aESEE) AdID5 ,
trdegp(frac1Al) =dimIA).

dim (ROpE) = dim(25)clim IGR)
= dim(GRItrdegp() = clim(R)

Fact I& Fact Fact
= dim (G) .

14) EThmy. 27 Ey ,
Ld = R

.

: ETS : (H = LF (VH <G :Aubgrp)
LH > #It oR

.

Ga (t) ,
GXc Spec() -> Spea() 33192

= 5
.

=P1: -3 mor. of ringM : L + C1G]@K5 .

Vye( + 223 .

ETS : Stab(y) : Zariski-closed .

VgcG221 , g1f55 eVy : (16] + 1325.

g stab14) 9 . 4 = 9

=> LF CIG] e,
Leg, (Ach 2:, 40418

.

- (*)

74x4x : C-basis of LE , 4x0= 02/1357: 35.
↑

=a2M(y)=nYnztz

evgou (9) = +19192
51,JOSEY:

# x1g14x = 4 # Gxo-1 , an-KerleVg) .

↑Stab(4)Es ideal
=> (H= (T(,

H = F)
.

59645H1)" aly .Aulgip ofG n2 ET.I "fu.



Fact
-G : /in . alg . grp ,

H : alg .selgop of G.
=> =2/H) : quasi-prof . Var ,

Ex : G + G/H) S .t. GH(d = G(C) /HIC) as grp .

Fact
-A : reduced ring , D, . . ., Dr : min . prime idealofA 5102 .

& (A)- frac (AP)
&) (non-zero div. ofALESA)An =2)

LH = 2233 .

↑ = Lepteltepte(lepthe = (a)rep))
#E

T = /@ICIG]@cE)) HE(OFact)
HRxpSpec(L) = Hx , Speci - Speak

= &(CIG1)@cR
&(C[G))H = 0 .

- ()

# : G + G/H zvy mor ofolg grp It .
**: &(CIGIH)) - &(CIG1) 331**: %.

- tit
&ICIG/H]) &(CIG2)

e factor 33 .

i ↑
&(CIG3)

H

& 4 =&(([G(3)E23 .

- U < G/H) : open s .
e . 4 = 4 (W . OGIH) ·

VgeG(c), h =H(c)1 12:/Ye:

(**(41)(q) = 40k(q) =49H)
= 419H)=9

:** (9) : H-inv

# 5) ,
&(CIGIH3) < C

.

& (CIG /H]) = C
.

G /H = X, r ... Xv : Thr . decomp.
25 fit" Fact #Y, &ICIGHT) (i) ·

i dim(Xi) = 0
, r = 1

.

G = H . M



Hep14 diff. Field S

1 : Picard-Vession Field for Y=Ay (A-Mn(k)) :

G := Gal(L/k)
A : = GHcG : closedsubgp3.
2 : = (MCL : diff.subfield s.t . RCM1 .
(0) H -A = x(H) : = LH =2

.

MEL = &(M) : = Gal((IM) =S .

i.e .Sh : well-def
117 Lop = ide , pox = ids

(2) H =A1=22 :/x/:

(i) H1G aIH)= Lt : G-inV .

(ii) H1G222 , M := (H2Si)
.

· M : Picard-Vessist field for some diff· eg . /R.

· Vi : G -+ Gal(//R) : Surf .

- T

· Ker (b) = H .

13)Go : identify componentofG
· LG

%

/k : Fin· Gal ext ,
Gal((&Yk) = G/G:

· (d= (UEL : alg . /by .
(ie. 180 : alg . closure of te in 1)

pf. (0) HeAliff-2 ,
L"it diff. subfieldof1. <(H) -2.

MEL1fre , (1 Picard - Vessist field for
'
=A//2: E.

Et p(M) = Gal(4/M) < G : closed
. (@ ThMy.27t Gal((/M) < Gln(c) : closed)

: B(M)EA .

11) (//1: Thm1 .27 (3/E32 ·
(Gall/M)= M

. (ee. Lop =idal

HA1Afr2 . Hi : = Gal(2 /(H) = Box (H)225s .

H) < Hiz: (H= (H 5) Cor 1.3014)815
.
H = F= H1

·

(2) HEAE 23.

(i) #M : = #25. Gliffic TM=M 25
.



Gaincer(U) = H .

= Keri)&D , HoGosed .

(l)

> of
- Hm =i 2163 +EG2232. +Gal(LIM)

=Gal(/H)H
.

= H = p() = P((y)) =Ga(((/[(I) = THE +

& SEE (Rem . E E22u3]
(ii) · Cor 1 .402"igg

.

·Claim
-

V :M = L+ L : diff. R-alg . hom,F : L-L : diff. P-alg autmor.

s.
t .F = -

.

LIt Picard-Vession field for Y= Ay /14 . 41) 5).a

fund. Matrix zc2X = (Xij)
.
Y = (Tiz) = GLu(L) 253:

M (3xi : 4) = 1 = x()(34254) .

12"

LEt uniqueness of
picard - Version ext

id] +

%4
M

5 , OR .

·Claim 5/ op.
13)·F, 2012 : of finite index

(ii) HCG : closed
,
fin index = G °

<H .

1) 601
6160

= RE1.
Fact (i)et2 , FRE:GalsE5 ,

16% it

fin .
Gabis ext 21 · Gal((GR) = G/6 :

z
:45.

· < 16%k it fin . ext2/ ok .

①U : alg. /kz, 0(4) Itunt
> UKL : alg. /R 293. -

#G.U =#101/reg0. +18
ok

.

G/Stab(u) -> Gr : bij

51 .
G/Staba (u) it finite set 2"KE.

Fact (ii) 5/ .

Go Stat (n) .

UELG % It



Cor1 .40
-

Prop + . 34 (2) (ii) .

I construction of DE)
L = frac (R) , z = SpecIR) 255.

=> /R : fin .
Galois ext s .t

. ZEGr .

vo RepRER@CIG]
- RepLePO, RICIG/H])
~ RH : f .g . K-alg . (cf. ExpR+: F.g)

= a 22:/E :

· Rt = RIY ,
"

, Yn]
EY , , ..., Yu RH sit. S · < Y, .. .. Yn > p : Fin-cimk-vect sp, G/H-inv

w := Wif, Yn) : rvospian , B : = WW + 2532 BEDE A

e .g . 1. 35 111y'= a (G + 1) 1:735 Galois grp It. Gal = &32 /btRst.t
= a)

Clotherwise)
IFfER st .

6= mal)
(2) y=gy (a = k') 1:S = · Gal = &[M (otherwise

tasa = S
RIt , t +]/(tm-b)

Y'= CYRIt ,t - ] -

13) %"= cy (C e2) 1: 12 · Picard-Vession viny It . R = ( (2) [Y.
↑"Je-)

Galgrp It =I# 21/· torso It R.

15) L : Picard-Vessict field far y=Ay (A =Mn(R1) ·
F : fund .

Matrix for y'=AY.
Gal((/k) < S(n(c)det(E) ERY

#> zUER's .
t

.

U= (THAl) U .

R = C 1) , Cr = c = Ja
,
chil = 0295 .

VER"1H12 , y"= 17 a Galeisgrp G 1: + n 2%25.

G CSLe(C) SREI Y Fac)2
:45:

17) G : reducible ... G- inv . to lined13.G 118) 4 :Aufgry

12) G : irreducible-&inv . tolineo5 .



↑ (((%) , 019742582 . Gh(89) . (a-819 .
(3) G : 77313
14 G = SL(C)

Exercise 1 . 36 . 1
-

VER = (() 1 : 5/12, y = by a Galois grp &G 25 3.

(a) G < Slu(C).
a = k1= frz

12) U=2632 . Riccati DE u+ U2= U& 45. · b = fa : I'=A

15 1= y = exp((u) 2332.: y"= vy1) 5345 . · b = expla :t=l

i = 2 x'+u= vau = 4 , %: 1St -01%= 235 .

Uz = U. +#1/2: 52 , Bernoulli e + 24 .u +22= od545.

w = 2254"19GGDE W - 24 ,2 + 1 = 0 &)* >48.

= a 29

w = exp(aSui) + (- Jexpl-2fui) + 2)
2453 . /Coe C: )

(C) G : reducible # EU = (12) S.t .
U + U= U

.

(d) G : irreducible and imprimitive
=> Epo/I : GiEfAck ,

EU
, UseBo(U.U2)st . (UU

=r

(e) ERolR : 12 S*Ik st . U+u= rolRoz:*** -

=> (i) M= 1 > G : reducible

(ii) x =2 = G : irreducible and imprimitive
(iii) M=4 E tetrahedal

(iv) M = 8 = ratahedral

(v) M = 12 = icosahedral

EE ,
:TEAEy :

= aFRod = G = SLu(c)
.

pf. (9) J'a z7na2" Tr (companion) = 0 El . SEY

1cf · Exercise 1 . 35
. 151)



(c) V == ( Y = (/y"= ryy = Cy ,
+ cyz 255 .

=> line ofG-inv. E 2% = V 2 55.

V r G1:(2 . 01 = @% 2% G =Go &"NAT BE .

+ (y0) = + 180) = 19%)= a % 0 + 2 %0 = 9%0
.

· +(f) = % Li
="Un= U+ u=

E u+ u2 = UEUrER 253.

= a Hods (b) 15,
2 % ES732 , Yo" = -Y , ESEB (ie. YEV) .

& Lo/L : Picard-Vessist field EST3

Yo = KoY. 2913%Lo5.

= =2"y" = v% /, Yoh

=== u=
: FGE L s .

t
.
<%:) = ayo ,

+1%) = aYo .

- 2
"

ayo = <1yo) = (01%.)= 19y.)= a Yo +ayo = a%o

51 .
a = 0 (ie .

G = C) .

CY0 : G - Thr. A

Exercise 1 .36 . 2
-

y"= ry : = 1 2 "+ z)y/k = (B) 1 = +u228
.

(G) Ro : = ( (t) 233/t 2= z)
.

U : = -*
"

+t =Poit
,

u+ u) = Un57273.

#) Exercise (d) 5) ,
Uc : = -*2"-AcRot243 .

(f) Picard-Vessiot ring It, R = <IA)[ ·%] 2 %58 .

EF"LJ . It Y = U , %, EEFEf ta2"Az .

14 Gal(R/R) = dihedral = (10) , (a)/a= 4 .



$1 . 5 Liouvillian extensions

Def 1 . 42
-

R : diff. field. C = Cr = Tp : caut.

K/R : liouvillian ext.

: Ck = C

&
=>towerofdiff. Fields Ko =R <k ... kn = 1

st . Ki = Ki + Iti) W/ 1 . t < Ki -1I & 2. ti to, =: flogti)')e Kirs
3. ti : alg . / Ki - ,

Ihm 1.43

k/R : Picard-Vession ext , G : = Gal(k/R) ·

TFAE : (1) Go : solvable ·

12, k/R : liouvillian

13) K is contained in a liouvillian ext. ofR.
e .g. ((e

3)) /C ,
y= Y ,

Gal = Gim,
R= [Y.

T+1] (cf· eg . 1. 19)
.

Galaz It . O(T1 = ai La SF .

eg .( (x . e*)/I . (i) = (i) ,
Gal = Gax Gm .

e .g. ( (x ·e)/(((2) ·

fx( : = 13(4)'= 219) vox:=EB =ww=
P

· (i) = (E) Gal=m
profofThm 1· 43)

(1) = (2)k/R1 : STILA3EDE of order 1 E , (1y) = 0 255 .

G : = Gal(k/R) 233 .

RoE fixed field of 202652 , R. /k It fin . ext . 25.

# Ro It Picard-Vessist ext ofLe"· Gal((r)= Go



V ( <k)32552 , dim V = 1 .

C= - ESED.
observation 1. 26 E1 . Go GLIVIP43. -

Git solvable 12 ThmA .46 (Lie-Kolchin) 51:YQA/E7 :
= y,, Yn = V : basin st . 2 c(z*#1/175:14

22/:**53 Induction 2: G.
dim (Go) = 0 nhe

,
dim (G) = 0 5/ K/RIt alg. ext . (3)

dim (v) = 1 n ze , %+ay = 061 , expo.

(i) Y, Ron 28

-g Go , riy i ) = Coyi .
( ECrECY)

S

~ +(yi) = 01%) = Co%,

: r)=
1 Epicard-Vessist
b Yexpo-

dim < dim(G") E.
induction aSDS22 ,

45 Ea tower it licvillian 2
:13 : 22 r23 .

(ii) Y , ER ,
a 22

, Y, FFS DEE L1f) = Anyin +... + Go% =0253
.

L (yy , ) = An >%y, 11m + ... + Go(%% , )
= Ang ,+Many ,)Go~

In En-

((y) = 008:74EY: (5 = 2. .... n)253.

En(( ,/1 -
1

+ ... + b , )()) = 2)y) = (17%) = 0
.

&... itin . inde.(C2(
M(2) : = Luzin"+... +f ,

2 a Picard - Version field &T 25 3
.

Gal(#/k0) = quotient of Go It . SEE) solvable·

induction aSE .
#/ R: It livvillianzA5 .

1=1.....:./ : livillia



13) = (1) M : = k(ti , : tn)/K : licevillian 255 .

11:53 induction 2:t.

u = 1aze . k)k= S92/33DE2 ,
(1%1 =0243

.

= a 2((t1)/PIA1) ItPicard-Vessict extfaL(y)
=0

.

H : = Gal(1t1) /DIA) + Gal)k/k) = G

a closed

(H= kit,)
+
n() = B(t , ) + 1

K it Picard-Vession field for (18) = 0 /RIAK51 Gal(k/kH) = H .

1) < (RIA/nk) (t2 , ...An) a induction a SEEDS Ho It salvable ·

⑪ RIti)nk = Raze , G = HF/oR
.

Ritil 1K #Raze .

(i) t , palg . /la 22
,
K
*
=RIA1)1K/k : alg. ext .

KHckGoty,
He Go..: HE Gi

(ii) to tram./ kaze
(2)ti = G =k23 ,

Gal(kit , //k) =Ga .

19 = 0 are t
, A = (5% to tran .15) .

dim(Gal = 151 · Gal(bit, /2) It no properMulgipe: E.
: Riti) nk = RIt,)

. ( =Razeit
Vr= G = Gab(k/1)1:Afc2
+(ti) = +(ti) = + (a) = G

51. (11) ET2-A3 .

Gal(k/PIt1)4 Gal(k(k) - Gal(kiti)/R) + 1

H : solvable " "a



(1) <R . ti =at , acRare

R = RIY,
T"J It Picaul-Vessirt ring= Gal(Riti) /R)

= Gim .

Md < Gm 1: 63 .

VTEG14fr2 , witi) E25 .

10 0(til' = Ht!)
= rat,) = ariti))

1. - Gal(k/RAI n k) - Gal(k(k) + Gal(kIAy (k) - 1
.

it Em
A



Rem.m A . 46 /Lie-Kolchin
G < Gln : connected , solvable
=> G Chj. to Relgup of Supper Ls4·

lidea ofpif)
Gli + 1)

:= [G" : Glil] 2 L2
,
G + G" > ... > GM "

=H3314233.

↑ Abel
(i) G : commune

AB = BA no commo eigen . Vector
U1: 33 inductionFig .

(ii) G "a pl= commu .Anbgrp H +31304522
EL non-trivial G-inv . Allsp . WEV3/ : /", GLIW) 2GLIV/W)1: SEE -5.

ETS : = nEDEAUS* 12,SEE .

he = XITIM 1X : clear on H)
HIGE/
hgx = gg

+hye = gX19"hg) Le - ()

2181 , ge it eign. Vector of H2155·

> H-joint common eigen vacious 18 G-inv .
25.

H < (( ** )9
.

tous subgip =Gim" x Finite Abel E%. UNIF/2An := border 24 it finite.
#

G FAN z" . Git connected by .
Git. El 55 .

H <2 (G) ·

5. 2
.
E3t3: 532 . H = 197 ... A



Category of differential modules
$1 . The category Diffe.
R : diff. field

,
c = [ ,

ch1 = 0

Diffe := The catof fin-dim diff mod/R

Ham (N, N') : = 57 :N+N : B-lin . /rof= fort (VNIN's
Lef
· IR : = (P , 2)
· (N , 2) E Differ f -2 ,

N :Subdiff mul: 2 IN') <N
.

(no (N· 2) , (N/N', 5) = Diffr)
· N.N'E Diff1:12
· NONE Diffr (aDide :=x)201)

· NON'EDiffr (2()ees' : = 2002' + 1020)

· VPcHamp(N ,N') : = (4 :N - N : R- lin . 3 1 : 5722
(84)()) : = 2(4p11) - y(2x) (EN) .

· N*:= HomR(N , IR)

Rem
. (Hamp) /v.N1) = 34 : N- N 124 = 07 = Hangin ,N)

Rem . N ** EN
,
(4 + (b) =+ x in Differ

Hamp(N ,N') E, N*pN' · 18 + 41ge)+ 300 in Diffe

32 . The category Repc(G)
G < Gln(c) : ag . grp /C.

Def-
v : Fin-dim vestsp . /c , p : G+ Aut(V) : hom s .

t
.
C-mor . of sch . /C.

a(V , e) E , (alg . ) rep ofG/C2v%
EF

Repo (f) := The category of repo of G /C .

Hang (V ,w : = f7 : V+ W : c - (in . (gf) - 1 = f(g) - 1) (g =G)9(v .W)



Let
Da = c : trivial G-action

· WCV :Subrep : =gw < WitgeG).

~ (W,) , ( V/W , j) < RepolG) .

· V . WE Repc(f) 1:St 12

· VOW = Repe(G) (g( em) : = g(n) eg(ns)
· v QcWeRepc(G) (g)uxw) : = g(nxgiws)
vpzHamc(V, w) : = 34 : V+ W : Clin.Af
183)(2) : = g(419-u1)(Fg=G)

.

· v *: = Ham c (V , w)G

Rem .
V
*

= (4 : V+ w(gy = 4 (Vg =G)) = Hang IV , W.

Rem . 512 It (" = 28/055/22

53. The functors
MEDiffR : fix

33975 := The smallest fullsubcategory ofDiffer
i.e. 2 :putingSer taking #,*, 1-1 *. subquotient

Rem . NES53 = N is a Aguatient of a direct sum of several

MMM
K : Picard-Vesiot field ofM : fix ~G : = Gal(k/R)

~ Repc(G)
Def-
NEDiffR1:12 . KQpN1= euz

- diff : (axe) : = (29)xx + Gx(2x)

· G-action : g(axx)) : = g(a) De

· 29 = g6 .



Let= Differ 1: 12

· Repc(G) = S(N) = Sp(N) := (KepNY NG
· f : N+N : RED]-from (eie. R-lin . and commu. w/2)
n id of : KARN - KOPN' : kiz]-ham

j j

S(N)
jjg,

SINY

~ C-lin.functor S : DiffR-Repc(G) oEt3 .

Rem . K@cS(N) 1 tinz

2)(au) : = (2a)xu , g(axm) = gage

1: 5/22G-action E32
C : KSIN) - KON

SIN)Ni

Gon all

It 82 G-action 2 compatible 1To E.

IP
, i) C : iso KORNE1p

*
(i . e .
trivial /k)

=> Fe, ..., en : blin/k of K*N s .
t.ei = 0 (vi = 1 , .... n)

.

(ii) N .N : trivial /K
,

N" : Subquotient ofN

=> NAN', NAN' , N*, N" : trivial /K .

Fr . N = 35134755 . N : trivial /K .

pf (i) easy.
(ii) ETS : N : trivial/k ,

N"<N :Subdiff. mod EN". N/N" : trivial /K .

0 -> K*S(N") + 10,
S(N) + K , SININ")dim, SIN/N' dim Kop(NN")

E INLE ↓ - Tso

vΔ ~
Afm

0 - KQDN" - KORN A KOpIIN") -> 0 I



PPN
. N'Ed3M59
(i) SIIR) = IG

.

(ii) S(NAN' = SIN) @ SIN'

(iii) S\NQpN' = SIN)@cSINY

(iv) S(Hamp(N .N'l= Hanc (SIN , SINY) ·

pf(iii) KQ,SINepN' CON Kep(NORN)
(Gxx) (f+y) [

= (k@kN)@p(k@kN
Habe(ay)

= (k@cSIN) @p(ke , SWY)
C& CN

Inputelton
+ =, (* )S()* S(')# abo (now)

compatible w/2 and G-action
2 = 02/10-739232 . S/NApN = SIN)@cSIN543. I

34. Main Theorem

Im 2 .

33

(1) FN .N= 354 . S : Hang <N,N') = Hama(S(M . SIN') .

12) VV = Repc(G). ENESSM3Y s .t
.
SINI EV

Rem. It
T= TK : Repc(G) + 1194 ,

Vi+ (k@, v)
G
Daeid

4)"Saquasi-inverse functor2
:15

.

Pf. (1) N .N'= 3//74255.

K@p Hamp (N ,N')
E

> Hank (K*N , KOPN')
= Hank (K@cS(N) ,

K@cSIN'
"Col-o CN'
- K ①S Ham , (SIN), SW')
: compatible w/ & and G-action.



2 = 0 allo - /2G- in . ano -+ -25:

(k@pHamp(N,N1) G.
0

= Hanc (N ,N

↑=
8 .G

(K&c
Hamc(S(N. SWNl) = Hang (SUM, SIN

=affi El . f : N - N'It S1f) : SIM--SINYN 35 .

12) Eact [Waterhouse ,

3
.5)

V = Repc (f) : Faithful (i.e.G Aut(V)

=> VW = Repe (2) can be obtained from V via taking
#

,
Q

, 1-1*, Aulquotient
N . B. Gal(k/k) < GL(SINI) (of observation 1.26) it

35. Appendix
↳: field . ~ Repp(G) : -category
G : affine grp .

sch . /R w : Repp(G) - Vectr : (forgetful) functor
-FF , Aut

*
w : R-alg -> Grp E

(Aut
*
w)(r) : = ((t(x) : RepWix) = RepW(x))x =Repp(d)(1)

(4) =

(i) XX < Repp(G) , +(x) : R-Tso
.

(i) &(1G) = idRowira)
(iii) Ff : X - Y , ROWIX) ROWII wifit A ↓ wif)

ROwIT)RWIT

(iv) XX, Y
, RQp(WIXT1) fIxOT)

, ROpIW(XeTH

Et t ↓=

(ROpwix1)@RORWITI)
DIXQrIT)

, (ROpWix1)@RORWITI

2:32 ,
:K 545 .:

G (R) = (Aut&w) (R) , g + (0x) : = 18 mx))
xzRepp(G)



Ihm (Tannaka's Thedem B .20)

Repp(G) Ecaleguir Repp/Autw)......

cot
1
↓forgetful

Vectr
=↑2 Thm 2 . 33 5/,S* 543:

33139 5. Repa(Gal(kIR)) 33MEY ·

FF> RepcLAutESo]
My So ot forgetSo forgets ,

forgeta
↑

~

recta

① 53534 RepolAutSol
2 .33/E = Le .

33

Repe(dal(k/b1)*Repclut
&forgeta

Aut*So 3 .
Tannakadualof 136M44 ,

50) 2%. (Gallk/R) aBla2:/:)
-FEE ,

C : D-cat 2 W : e + Vectr : D-functoraBE ,
neutral Tannabian cat
wh

zu% statisfies suitable cat . aximus

= ne Thm B . 22 6) ,:**5tB:
e - Repplant*w)o AndOn it affine grp sch . 2 to).
wXforgeto

=he Tannaka dual of 12 , 2) zub·


