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We can project this map down to a rational function on [Py in the following way:
2
let (z y) (0039 sin @), and let t be tan(0/2). Then we get (z,y) = (i, 25)

1+¢2° T+t2 )
and t = . Thus the map ¥ descends to a map f: Py — P,

st 2, gt

L

P, — P,

We show that the map W can be expressed as a rational function in z and y, and
thus f as a rational function in t.

Recall the definition of the Chebyshev polynomials: the k-th Chebyshev poly-
nomial of the first kind is the polynomial T} such that cos(kf) = Ty (cos6), while
the k-th Chebyshev polynomial of the second kind is the polynomial Uy such that

sin((k + 1)0) = Ug(cos ) sin 6.

Then we have:

cos(kO + ¢) = Ti(x) - cosp — Ug—1(x) - y - sin g,
and
sin(kf + ¢) = Ug—1(x) - y - cos ¢ + Ti(x) sin .
So that we get
- 2tUj— 1(132) -singp — (1 + t2)Tk(1+t ) - cosp + (1 + t2)
1 e 1(1+t )-cosp + (1 +t2)Tk(1+t ) - sin ¢

The rational function f acts on P; (identified with R U {oco}) by sending ¢t =
tan(6/2) to f(t) = tan(ko—;"‘e).

We remark that the function (3) is of this shape for k = 2, p = 7/6.

We now consider only those ¢ such that cos ¢, sin ¢ are algebraic numbers. Then
the field of definition of f is Q(cos ¢, sin ).
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